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We propose a general recipe for chiral topological superconductor (TSC) in two dimensions with
multiple N chiral Majorana fermion modes from a quantied anomalous Hall insulator in proximity to
an s-wave superconductor with nontrivial band topology. A concrete example is that a N = 3 chiral
TSC may be realized by coupling a magnetic topological insulator and the ion-based superconductor
such as FeTe1−xSex (x = 0.45). We further propose the electrical and thermal transport experiments
to detect the Majorana nature of three chiral edge fermions. A unique signature is that the two-
terminal electrical conductance of a quantized anomalous Hall-TSC junction obeys a distribution
averaged to (2/3)e2/h, which is due to the random edge mode mixing of chiral Majorana fermions
and is distinguished from possible trivial explanations.
Majorana fermions have attracted intense interest in
both particle physics and condensed matter physics [1, 2].
The chiral Majorana fermion, a massless fermionic par-
ticle being its own antiparticle, could arise as a one-
dimensional (1D) quasiparticle edge state of a 2D topo-
logical states of quantum matter [3–10]. The propagat-
ing chiral Majorana fermions could lead to non-abelian
braiding [11] and may be useful in topological quantum
computation [12, 13]. A simple example hosting chiral
Majorana fermion mode (CMFM) is the px + ipy chiral
topological superconductor (TSC) with a Bogoliubov-de
Gennes (BdG) Chern number N = 1, which can be re-
alized from a quantum anomalous Hall (QAH) insula-
tor with a Chern number C = 1 in proximity to a con-
ventional s-wave superconductor [14–16]. The quantum
transport in a QAH-TSC-QAH (QTQ) junction is pre-
dicted to exhibit a half quantized conductance plateau
induced by a single CMFM [15–17], which has been re-
cently observed in Crx(Bi,Sb)2−xTe3 (CBST) thin film
QAH system in proximity with Nb superconductor [18].
Physically, the N = 1 chiral TSC emerges in the neigh-
borhood of the QAH plateau transitions, where the su-
perconducting pairing gap exceeds QAH gap [14], and
it can be driven by an external magnetic field or elec-
tric field in magnetic topological insulators (MTIs) [19–
22]. The magnetic field at coercivity inevitably intro-
duces random domains, making MTIs to be strongly dis-
orderd [23]. The single CMFM in this system is robust
against disorder [24]. However, alternative explanations
of the half plateau without CMFM under strong disor-
ders have been proposed [25, 26], which arises from in-
coherence due to disorder. The noise and interferences
measurement may distinguish chiral Majorana fermion
from the disorder-induced metallic phases [15, 27–31] .
In this Letter, we propose a general recipe for a higher
odd Chern number N chiral TSC which supports mul-
tiple CMFMs. The random edge mode mixing of chiral
Majorana fermions lead to novel quantized transport. In
sharp contrast to the previous proposal that chiral TSC is
achieved near the QAH plateau transition [14, 16], where
strong disorders accompany in the system. Here the sys-
tem we proposed is homogenous, which provides an ideal
platform for studying the exotic physics of chiral Majo-
rana fermions.
Model. The basic mechanism for 2D chiral TSC is
to introduce s-wave superconductivity (s-SC) and ferro-
magnetism (FM) into a strong spin-orbit coupled (SOC)
system, such as the spin-helical surface states (SSs) of
TIs [32, 33]. Instead of inducing superconductivity into a
MTI for chiral TSC, one can introduce the FM proximity
effect into superconducting Dirac SSs, where the CMFM
exists at the boundary between FM and superconduc-
tor [29]. The latter one is more practical for a homoge-
nous system, since FM exchange coupling is usually much
larger than conventional s-SC proximity. Therefore, it is
natural to ask whether exotic topological states exist in
the heterostructure of topological FM insulator and s-SC
with nontrivial band topology dubbed as topological s-
SC (Ts-SC) shown in Fig. 1. The Ts-SC has a fully bulk
pairing gap and s-SC gap on the single spin-helical Dirac
SS. The prototype Ts-SC materials are the ion-based su-
perconductors such as FeTe0.55Se0.45 (FTS) [34]. The
general theory presented here for chiral TSC is generic
for the higher Chern number QAH insulator [35] and Ts-
Ts-SC
QAH
FIG. 1. The heterostructure for chiral TSC with an odd num-
ber of CMFMs consists of QAH in a MTI and a Ts-SC on top.
Take C = 1 QAH for exmaple, a N = 3 TSC is realized when
the exchange field is large enough. When QAH has a higher
Chern number, a higher odd number N TSC may be realized.
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2SC. We would like to start with a simple model describing
the C = 1 QAH in MTIs [36] for concreteness. The low
energy physics of the heterostructure is described by four
Dirac SSs only, for the bulk states in MTI and Ts-SC are
gapped. The generic form of the 2D effective Hamilto-
nian without superconducting proximity effect is
H(k) =
(
H1 V
V † H2
)
. (1)
Here H1 describes the Ts-SC SSs with proximity effect
from MTI, the bulk metallic states in Ts-SC are neglected
since they are gapped with superconducting pairing, H2
describes the QAH in MTI film,
H1 = v1kyσ1τ3 − v1kxσ2τ3 + λ1
2
σ3(1− τ3) + 2δ,
H2 = v2kyσ1τ3 − v2kxσ2τ3 +m(k)τ1 + λ2σ3,
(2)
with the basis of ϕik = (cti↑, cti↓, cbi↑, cbi↓)
T , (i = 1, 2),
where t and b denote the top and bottom SSs and ↑ and
↓ represent the spin up and down states, respectively.
σj and τj (j = 1, 2, 3) are Pauli matrices acting on spin
and layer, respectively. vi is the Fermi velocity, which
have opposite signs in FTS and MTI [34, 37, 38]. (The
relative sign of velocities doe not affect the results). λi
is the FM exchange field along the z axis which can be
tuned by a magnetic field. The short-range FM proximity
effect only affects the bottom SS of Ts-SC and λ1 ≤ λ2.
m(k) = m0+m1|k|2 is the hybridization between top and
bottom SSs in MTI. |λ2| > |m0| guarantees QAH state
in MTI. 2δ is the energy band alignment between two
Dirac cones. For simplicity, we set v2 = −v1 ≡ v, λ1 =
λ2 ≡ λ, and neglect the inversion symmetry breaking in
each material. V = gτ− is the hybridization between the
bottom Ts-SC and top MTI surfaces at interface, where
τ− = (τ1 − iτ2)/2, g is real constant.
With superconducting proximity effect, a finite pairing
amplitude is induced in MTI and Ts-SC SSs. The BdG
Hamiltonian becomes HBdG = (1/2)
∑
k Ψ
†
kHBdG(k)Ψk,
with Ψk = (ψ
T
k , ψ
†
−k)
T , ψk = (ϕ
1
k, ϕ
2
k) and
HBdG(k) =
(H(k)− µ ∆(k)
∆†(k) −H∗(−k) + µ
)
,
∆(k) =
(
∆1(k) 0
0 ∆2(k)
)
,
(3)
Here µ is the chemical potential relative to the Dirac cone
in MTI, ∆1(k) = i∆1σ2 and ∆2(k) = i(∆
t
2/2)σ2(1+ζ3)+
i(∆b2/2)σ2(1 − ζ3) with ζ3 the Pauli matrix in Nambu
space. ∆1, ∆
t
2, and ∆
b
2 are pairing gap function in SSs
of Ts-SC, top, and bottom MTI. All ∆i are chosen as k
independent, since they are induced by the s-SC prox-
imity effect, for example from the bulk hole pocket at
Γ point in FTS. Usually ∆1 ≥ ∆t2  ∆b2. Here we set
∆1 = ∆
t
2 ≡ ∆ and ∆b2 = 0, which is realistic in super-
conducting proximity effect between Bi2Te3 thin film and
FTS with short coherence length [39].
Phase diagram. The BdG Hamiltonian in Eq. (3) can
be classified by the Chern number N . Since the topo-
logical invariants cannot change without closing the bulk
gap, the phase diagram can be determined by first find-
ing the phase boundaries as gapless regions in parameter
spaces, and then calculate N of the gapped phases. To
start, we first consider the phase diagram in the limit
g = 0, in which case the system is decoupled into two
BdG models HBdG1 and H
BdG
2 ,
HBdGi =
(
Hi(k)− µ ∆i(k)
∆†i (k) −H∗i (−k) + µ
)
. (4)
Here HBdG1 is the superconducting Dirac SSs of
Ts-SC with only the bottom SS in proximity to
FM. The top and bottom SSs in Ts-SC are further
decoupled. The energy spectrum of the top SS is
E1,tk = ±
√
(±v |k| − µ′)2 + ∆2, and µ′ = µ − 2δ,
which resembles that of the spinless px + ipy super-
conductor but respects time-reversal symmetry [7].
The excitation spectrum of the bottom SS is E1,bk =
±
√
∆2 + λ2 + µ′2 + v2|k|2 ±√λ2(∆2 + µ′2) + µ′2v2|k|2,
with the gap closing point at k = 0 and λ =
√
∆2 + µ′2.
For |λ| <
√
∆2 + µ′2, the bottom SS is adiabatically
connect to the top SS in the λ = 0 limit, so they are
topologically equivalent. Therefore, the whole Ts-SC
SS possesses non-trivial topology, but there is no chiral
edge state, since there is no geometric edge to the 2D
surface of a 3D bulk. For |λ| >
√
∆2 + µ′2, the bottom
SS is adiabatically connected to FM with ∆ = µ′ = 0
which is topologically trivial, so there exists a single
CMFM at the edge domain boundary at Ts-SC bottom,
and N1 = sgn(λ) is the sign of λ. H
BdG
2 is the super-
conducting proximity coupled QAH insulator, which
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FIG. 2. Phase diagram of the heterostructure with typical
parameters. (a) g = 0, δ = 0. (b) g = 0.3, δ = 0. (c) µ = δ =
0. The even N = 0, 2 phases disappear when m0 = 0 and the
phase boundary between N = 1 and N = 3 is g =
√
λ2 −∆2.
(d) µ = 0, δ = −0.1. All other parameters v = 1, ∆ = 0.1,
m0 = 0.2.
3has been studied in Ref. [16]. For µ = 0, N2 = 0 for
|λ| < λ−c (which vanishes when m0 = 0), N2 = sgn(λ)
for λ−c < |λ| < λ+c , and N2 = 2sgn(λ) for |λ| > λ+c .
Here λ±c = (
√
4m20 + ∆
2 ± ∆)/2. A finite µ enlarges
the odd N2 TSC phase. The total Chern number of the
heterostructure without V is N = N1 + N2. The phase
diagram with parameters (µ, λ) is shown in Fig. 2(a),
where the different chiral TSC phases are denoted by
the corresponding Chern numbers.
Next, we study the effect of V at interface. Similar to
the g = 0 case, we determine the phase boundaries by
the bulk gap closing regions in Eq. (3), which is always
at k = 0 point. As show in Fig. 2(b), when the g term is
turned on, it makes the chiral TSC phase with the same
Chern numbers simply connected. Meanwhile, it shrinks
the N = 0 phase and enlarges the N = 1 phase, and
further pushes the phase boundary between N = 2 and
N = 3 towards a larger λ. For a given exchange field,
µ will drive the system into TSC phases with smaller
N . Therefore, one optimal condition for N = 3 TSC is
µ = 0, which corresponds to undoped QAH system. This
is just the opposite to the optimal condition µ 6= 0 for
obtaining the N = 1 TSC phase from the QAH plateau
transition [16]. As shown in Fig. 2(c), g enlarges the
N = 1 phase and shrinks all other N phases. This can be
understood from the band crossing at the interface. The
single-particle Hamiltonian at interface is Hint = vkyσ1−
vkxσ2 + λσ3 + gτ1 + δ(1 + τ3), with the energy spectrum
Eint = δ ± (
√
g2 + δ2 ±√λ2 + v|k|2). g splits the two
copies of Dirac bands up and down in energy. Whenever
the Dirac band edge crosses the chemical potential, N
reduces by one. As shown in Fig. 2(d), δ enlarges the
trivial even N TSC, and shrink the nontrivial odd N
TSC towards larger λ. Similarly, m0 enlarges N = 0 TSC
and shrinks N 6= 0 TSC. Thus m0 = δ = 0 is preferred
for higher N TSC. For a simple case m0 = δ = 0 and
infinitesemal ∆, a simple sum rule for Chern number of
the heterostucture is
N = N2 + sgn (|λ| − |g|)N1. (5)
In general, the coupling g will strongly modify the Chern
number of the heterostructure from that of the decoupled
systems. The chiral TSC with higher odd Chern num-
bers requires a large enough exchange field, and is simply
obtained by growing multilayer heterostructure or using
higher Chern number QAH following the above recipe.
Transport. To probe the multiple neutral CMFMs, we
consider the electrical and thermal transports in N = 3
chiral TSC. The Hall bar device we shall disucss is a QTQ
junction as shown in Fig. 3, which has been studied for
N = 1 and N = 2 chiral TSCs. Both the left and right
QAH regions have Chern number C = 1, and thus have a
charged chiral fermion mode on their edges with vacuum.
The charge chiral fermion mode can be equivalently writ-
ten as two CMFMs γ1 and γ2 as shown in Fig. 3, and
the electron annihilation operators a, a′, b, b′ on the left
(right) bottom (top) QAH edges are locally related to
the CMFMs as a, a′, b, b′ = γ1 + iγ2. There exists a third
CMFM γ3 on the vertical edges between C = 1 QAH and
N = 3 TSC, which merges with γ1 and γ2 on the top and
bottom TSC edges.
We shall assume the electrical current is only applied at
terminals 1, 2 and 3, while terminals 4 to 7 are only used
as voltage leads. Lead on electrode 3 is connected to the
TSC bulk, while all the other leads are on the edge. The
electrical transport of the superconducting junction is
governed by the generalized Landauer-Bu¨ttiker formula
[15, 16, 40, 41], which takes the form among leads 1-3 as
I1 =
e2
h
[(1− r + rA)(V1 − Vs) + (t− tA)(Vs − V2)],
I2 =
e2
h
[(1− r + rA)(V2 − Vs) + (t− tA)(Vs − V1)],
I3 = −I1 − I2, V3 = Vs,
(6)
where Ii and Vi are the inflow current and voltage of lead
i, Vs is the voltage of the TSC, and we have assumed the
contact resistance vanishes between lead 3 and the TSC
bulk, which is appropriate when the electrodes are good
metals. Here r, rA, t and tA are the normal reflection, An-
dreev reflection, normal transmission and Andreev trans-
mission probabilities between leads 1 and 2, respectively,
which satisfy r + rA + t+ tA = 1.
To examine the normal and Andreev probabilities, con-
sider the charged chiral fermion mode a = γ1 + iγ2 inci-
dent from lead 1. When propagating on the bottom TSC
edge A-B, it could randomly mix with γ3 due to unavoid-
able edge disorders. Therefore, when the incident charge
mode a reaches corner B, it has the normal and Andreev
probabilities t1 and t
A
1 to become a
′ and a′†, but also has
a remaining probability p(1) = 1−t1−tA1 to propagate as
γ3. The γ3 mode will then circulate along the TSC edge,
and has a propagation probability into charge modes b′,
b′† (or a′, a′†) whenever it reaches corner D (or B), thus
contributing probabilities rn and r
A
n (or tn and t
A
n ) during
its n-th lap. Summing over n then yields the total r, rA, t
and tA. Such a summation is difficult. However, since γ3
is charge neutral, its propagation probability into elec-
tron and hole states will always be equal, so we conclude
QAH TSC QAH1 2
34 5
6 7
A B
CD
2γ
1γ
3γ
a
b
'a
'b
FIG. 3. The transport configuration of a QTQ (N -N ′-N=2-
3-2) junction device. The arrows on edge represents CMFMs.
4rn = r
A
n for any n, and tn = t
A
n for all n ≥ 2. Therefore,
we find t − tA = t1 − tA1 , and r − rA = 0, which are the
only quantities needed in the Landauer-Bu¨ttiker formula
of Eq. (6).
Next we calculate t1−tA1 . The chemical potential, hop-
ping and pairing on TSC edge A-B yields a term HR =
iγTL(x)γ in the Hamiltonian, where γ = (γ1, γ2, γ3)
T
is the CMFM basis, and L(x) is a 3 × 3 real antisym-
metric matrix. In terms of the SO(3) group generators
T = (T1, T2, T3), one can rewrite it as L = iωn ·T, where
|n| = 1. For a given edge, one expects ω = 〈ω〉 + δω(x)
and n = 〈n〉 + δn(x) to fluctuate, where the fluctua-
tions are usually small compared to the mean values, i.e.,
|δn(x)|  |〈n〉|. This leads to a SO(3) transformation
Q ≈ eiφ〈n〉·T of γ, where φ ≈ ∫ B
A
ω(x)dx/vM is uniformly
random in [0, 2pi) when edge A-B is long enough, vM is
the average Majorana velocity [42–44]. The average nor-
mal and Andreev transmissions along the edge are thus
the mean value over φ:
t1 = |u†Qu|2, tA1 = |uTQu|2, (7)
where u = (1, i, 0)T /
√
2 is the electron annihilation op-
erator under Majorana basis. The result gives t1 − tA1 =
cos2 θ, where θ is the angle between 〈n〉 and the γ3
axis (see the Supplementary Material [45]). By defin-
ing σ12 = I/(V1 − V2) for current I = I1 = −I2 applied
between leads 1 and 2 (I3 = 0), and σ13 = I/(V1−V3) for
current I = I1 = −I3 applied at leads 1 and 3 (I2 = 0),
we obtain σ12 = (1 + cos
2 θ)/2 and σ13 = 1 − cos4 θ in
units of e2/h. Note that 〈n〉 depends on samples and
physical conditions, so if we assume 〈n〉 distributes uni-
formly on the unit sphere S2, we obtain the probability
distributions of σ12 and σ13 among various samples or
physical conditions
p(σ12) =
1√
2σ12 − 1
, p(σ13) =
1
4(1− σ13)3/4 , (8)
where σ12 ∈ [ 12 , 1] and σ13 ∈ [0, 1] in units of e2/h.
The average values of σ12 and σ13 can then be derived
to be σ12 = (2/3)e
2/h and σ13 = (4/5)e
2/h. More-
over, if the TSC edge is in the strong fluctuation limit
|δn(x)|  |〈n〉| (which is less likely), we would have
t = tA, leading to quantized conductances σ12 = e
2/2h
and σ13 = e
2/h [45].
In addition, one can derive the resistance matrix mea-
sured from other leads are R12,46 = R12,57 = h/e
2, and
R12,45 = R12,67 = σ
−1
12 −h/e2, where Rij,kl ≡ (Vk−Vl)/I
with current I applied between leads i and j [45].
The exchange field can be tuned by either a perpen-
dicular or an in-plane external magnetic field. Therefore,
the TSC phases will experience the BdG Chern number
variation N = 3 → 2 → 1 → 0 → −1 → −2 → −3
as λ decreases in the hysteresis loop. Meanwhile, the
QAH phase will experience the Chern number change
C = 1 → 0 → −1, and in terms of N = 2 → 0 → −2.
0
1 2
2 3
1
12σ 2( )e h
0 H
0
1
0 H
4 5
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FIG. 4. (a) The average value σ12 generically shows plateau
transition 2/3 → 1 → 1/2 → 0 → 1/2 → 1 → 2/3 in unit
of e2/h during the hysteresis loop. (b) The average value σ13
shows 4/5 and 1 peaks for |N | = 3 and |N | = 1 TSC phases,
respectively. Here only one cycle of hysteresis loop is shown.
In general, the average σ12 will exhibit the plateau tran-
sition as shown in Fig. 4(a). Since the system in the
magnetized state without external magnetic fields is ho-
mogenous in the sense of weak disorder without perco-
lation transition, the unique 2/3 quantized average con-
ductance plateau manifests the N = 3 TSC.
Finally, we discuss the thermal transport. The N = 3
chiral TSC exhibits a quantized thermal Hall conduc-
tance κxy = 3 in units of κ0 = (pi
2/6)(k2B/h)T , where kB
is the Boltzmann constant and T is temperature. More-
over, the QTQ junction will exhibit quantized thermal
resistances resembling the electric resistances of a fill-
ing factor 2-3-2 integer quantum Hall junction [46, 47].
For a heat current applied between leads 1 and 2, the
thermal resistances are given by RQ12,46 = R
Q
12,57 = 1/2,
and RQ12,45 = R
Q
12,67 = 1/6 in unit of 1/κ0. Generi-
cally, phonons and magnons also contribute to the ther-
mal conductance, which will deviate from the quantized
value. However, their contribution can be well distin-
guished from the temperature dependence [48].
Discussion. We discuss the experimental feasibility of
higher odd Chern number chiral TSC. The key point is to
invert the bands by a large exchange field, while keeping
the QAH insulating. The hybridization between top and
bottom SSs in QAH better to be small. For QAH in mag-
netic TIs, the exchange field λ ≈ 30 meV in CBST [49],
and is 50 meV in V-I codoped TI [50]. m0 vanishes when
film thickness exceeds five quintuple layers. For Ts-SC in
FTS, ∆ = 2 meV and µ = 5 meV below Tc = 14.5 K [34].
The work function in FTS grown on SrTiO3 is around
4.35 ± 0.1 eV, which is in the same range for that in
(Bi,Sb)2Te3 thin film on SrTiO3 about 4.4 eV. There-
fore, δ can be tuned to be small. g is unknown, but
can be tuned by inserting an insulating ultrathin layer
between Ts-SC and QAH. Other possible Ts-SC materi-
als include ion-based superconductor such as BaFe2As2,
LiFeAs [51], and the superconducting doped TIs such as
CuxBi2Se3, TlxBi2Te3 [52–54]. Recently, the QAH with
higher Chern numbers has been realized in a multilayer
of MTI [55]. Such experimental progress on the material
growth and rich material choice of MTI and Ts-SC makes
the realization of the higher odd N chiral TSC feasible.
5The transport of QTQ junctions of other higher N chiral
TSC will be studied in future work.
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